Abstract. It is unknown if an Artinian level O-sequence of codimension 3 and type r (≥ 2) is unimodal, while it is known that any Gorenstein O-sequence of codimension 3 is unimodal. We show that some Artinian non-unimodal O-sequence of codimension 3 cannot be level. We also find another non-level case: if some Artinian algebra A of codimension 3 has the Hilbert function
Introduction
Let X = {P 1 , . . . , P s } be a set of s distinct points in the projective space P n (k) (where k = k is an algebraically closed field). Then P i ↔ ℘ i = (L i1 , . . . , L in ) ⊂ R = k[x 0 , x 1 , . . . , x n ] where the L ij , j = 1, . . . , n are n linearly independent linear forms and ℘ i is the (homogeneous) prime ideal of R generated by all the forms which vanish at P i . The ideal I = I X := ℘ 1 ∩ · · · ∩ ℘ s is the ideal generated by all the forms which vanish at all the points of X.
Since R = ⊕ ∞ i=0 R i (R i : the vector space of dimension i+n n generated by all the monomials in R having degree i) and I = ⊕ ∞ i=0 I i , we get that It is worth noting that R is a standard graded algebra since R = k[R 1 ], that is, R is generated (as a k-algebra) by its piece of degree 1. If I is a homogeneous ideal of R, then R/I is again a standard graded k-algebra. Furthermore, if I has a height n + 1 in R, then A = R/I is an Artinian k-algebra, and hence dim k A < ∞. Thus we can write A = k ⊕ A 1 ⊕ · · · ⊕ A s where A s = 0. We call s the socle degree of A.
We associate to the graded Artinian algebra A a vector of non-negative integers which is an (s + 1)-tuple, called the h-vector of A and denoted by h(A). It is defined as follows.
h(A) := (1, dim k A 1 , . . . , dim k A s ) = (h 0 , h 1 , . . . , h s ) with h s = 0.
Moreover, an h-vector (h 0 , h 1 , . . . , h s ) is called unimodal if h 0 ≤ · · · ≤ h t = · · · = h ℓ ≥ · · · ≥ h s .
Let F X be the graded minimal resolution of R/I X (or X), i.e.,
We can write
where α i1 < α i2 < · · · < α iγ i . The numbers α ij are called the shifts associated to R/I X , and the numbers β ij are called the graded Betti numbers of R/I X (or X).
Now, we recall that if the last free module of the minimal free resolution of a graded ring A with
Hilbert function H is of the form F n = R β (−s) for some s > 0, then Hilbert function H and a graded ring A are called level. In particular, if F n = R β (−s) in F X , then we call X a level set of points in P n . For a special case, if β = 1, then we call a graded Artinian algebra A Gorenstein.
In [16] , Stanley proved that any graded Artinian Gorenstein algebra of codimension 3 is unimodal.
In fact, he proved a stronger result than unimodality using the structure theorem of Buchsbaum and Eisenbud for the Gorenstein algebra of codimension 3 in [3] . Since then, the graded Artinian Gorenstein algebras of codimension 3 have been much studied (see [4] , [6] , [8] , [12] , [13] , [15] ).
In [1] , Bernstein and Iarrobino showed how to construct non-unimodal graded Artinian Gorenstein algebras of codimension higher than or equal to 5. Moreover, in [2] , Boij and Laksov showed another method on how to construct the same graded Artinian Gorenstein algebras. Unfortunately, it has been unknown if there exists a graded non-unimodal Gorenstein algebra of codimension 4.
For unimodal Artinian Gorenstein algebras of codimension 4, it has been shown in [15] how to construct some of them using the link-sum method. We have also shown in [8] how to obtain some of unimodal Artinian Gorenstein algebras of any codimension n (≥ 3).
For graded Artinian level algebras, it has been recently studied (see, [1] , [2] , [6] , [9] ). Since every graded Artinian Gorenstein algebra of codimension 3 is unimodal, the following question in [6] is quite interesting. In [6] , we proved the following result. Let
The goal of this paper is to find an answer to Question 1.1 and we give an answer to this question under a certain condition. In fact, it suffices to find an answer to the following Question 1.2 (see Corollary 2.9). Question 1.2. Let H be an O-sequence as in equation (1) with codimension 3. Is H NOT level?
As we mentioned above, it is shown that any Hilbert function H in equation (1) is not level when
In Section 2, we prove that any Hilbert function H with codimension 3 in equation (1) is not level when h d ≤ 2d + 2 (see Theorem 2.6). This provides an answer to Question 1.1 when Corollary 2.9) . Finally, in Section 3, we find the degree of the socle elements of a graded Artinian algebra of codimension 3 with Hilbert function 
We shall expand the above proposition to a case h d ≤ 2d + 2 with codimension 3.
Let R = k[x 1 , . . . , x n ] and A = R/I where I is a homogeneous ideal of R having height n. Then
A has the minimal free resolution F, as an R-module, of the form:
where
are each free graded R-modules. In [5] , Eliahou and Kervaire studied minimal free resolutions of certain monomial ideals. We recall some of their notations and results here.
In other words, m(T ) is the largest index of an indeterminate that divides T . Theorem 2.3 (Eliahou-Kervaire, [5] ). Let I be a stable monomial ideal of R (e.g., a lex segment ideal). Denote by G(I) d the elements of that set which have degree d. Then
This beautiful theorem gives all the graded Betti numbers of the lex segment ideal just from an intimate knowledge of the generators of that ideal. Since the minimal free resolution of the ideal of a k-configuration in P n is extremal ( [8] , [11] ), we may apply this result to those ideals. It is an immediate consequence of the Eliahou-Kervaire theorem that if I is either a lex-segment ideal or the ideal of a k-configuration in P n which has no generators of degree d, then β q,i = 0 whenever
By the result of [14] , the only way we can cancel graded Betti numbers is if there are the same graded Betti numbers in the adjacent free modules of the extremal minimal free resolution. Note that it is quite obvious for a case of n = 3.
The following lemma is a simple consequence of a lex segment ideal, so we shall omit the proof here.
We need the following proposition to prove the main Theorem 2.6.
. . , h s ) be the h-vector of an Artinian algebra with socle degree s and
Proof. Since we assume
Lemma 2.4, the last monomial of R 1 I d is
In what follows, the first monomial of
2 , for i = 1,
, for i = 2, . . . , d, . . .
Note that
and k = 1, . . . , d.
We now calculate the Betti number
Based on equation (2), we shall find this Betti number of two cases for i as follows.
Then, by equation (3), I d+1 has k-generators, which are
By the similar argument,
has k-generators including the element x
. Hence we have that
Hence we have that
Now we move on the Betti number:
The calculation in this case is much more complicated, and there are four cases based on i and j.
and ℓ = 1, 2, . . . , d.
Then the last monomial of I d is
Then the first monomial of
and hence we have (j + k)-generators in I d as follows:
and thus
and k = ℓ + 1, . . . , d.
, and hence we have (j + k)-generators in I d as follows:
as we wished.
Now we are ready to prove the main theorem in this section. Hence if j ≥ 2, then H is not level since β 2,d+2 > β 1,d+2 . It is enough, therefore, to show the case j = 1.
First, assume i = 2, 3, . . . , d. Then, by equation (4), we have β 1,d+2 = β 2,d+2 = 2. Moreover, we We now pass to Question 1.1 and the following corollary answers to this question for i ≤ d + 2
Corollary 2.9. Let H = {h i } i≥0 be an O-sequence with h 1 = 3. If
and
Proof. Note that, by the proof of Theorem 2.6, any graded ring with Hilbert function 
Degree of The Socle Elements of Graded Artinian Algebras
In this section, we are interested in another non-level O-sequences of codimension 3:
where s ≥ 2 and h d < h d+s . In particular, we shall prove that some graded algebra with Hilbert function H of codimension 3 in equation (5) has a socle element in degree d + s − 2, and hence cannot be level.
First, we recall the definitions of type vectors and k-configurations in P n .
Definition 3.1 (n-type vectors, Definition 2.1, [7] ). 1) A 0-type vector will be defined to be
It is the only 0-type vector. We shall define α(T ) = −1 and σ(T ) = 1.
2) A 1-type vector is a vector of the form T = (d) where d ≥ 1 is a positive integer. For such a vector we define α(T ) = d = σ(T ).
3) A 2-type vector, T , is
where m ≥ 1, the (d i ) are 1-type vectors. We also insist that σ(
For such a T we define α(T ) = m and
Clearly, α(T ) ≤ σ(T ) with equality if and only if T = ( (1), (2), . . . , (m)). For simplicity in the notation we usually rewrite the 2-type vector
4) Now let n ≥ 3. An n-type vector, T , is an ordered collection of (n − 1)-type vectors,
For such a T we define α(T ) = s and σ(T ) = σ(T s ).
Definition 3.2 (k-configuration in P n , Definition 4.1, [7] ).
S 0 : The only element in S 0 is H := 1 →. It is the Hilbert function of P 0 , which is a single point. That is the only k-configuration in P 0 .
where e ≥ 1. We associate to H any set of e distinct points in P 1 . Clearly any set of e distinct points in P 1 has Hilbert function H.
A set of e distinct points in P 1 will be called a k-configuration in P 1 of type T = (e).
S 2 : Let H ∈ S 2 and let T = ((e 1 ), . . . , (e r )) = χ 2 (H), where T i = (e i ) is a 1-type vector. Choose r distinct P 1 's in P 2 i.e. lines in P 2 , and label them L 1 , . . . , L r . By induction we choose,
that no point of L i contains any point of X j for j < i.
The set X = X i is called a k-configuration in P 2 of type T .
S n , (n > 2): Now suppose that we have defined a k-configuration of Type T ∈ P n−1 , where T is an (n − 1)-type vector associated to G ∈ S n−1 .
Let H ∈ S n and suppose that χ n (H) = T = (T 1 , . . . , T r ) where the T i are (n − 1)-type vectors. Then ρ n−1 (T i ) = H i and H i ∈ S n−1 .
Consider H 1 , . . . , H r distinct hyperplanes in P n and let X i be a k-configuration in H i of type T i such that H i does not contain any point of X j for any j < i.
The set X = X i is called a k-configuration in P n of type T .
Now we shall introduce some non-level O-sequences based on type vectors.
have the minimal free resolution of R/I X is
by Theorem 2.6 in [10] .
which means that R(−(d i + α − i + 1)) of the last free module cannot be canceled. Hence the Hilbert function H X is not level.
(b) Let X be a k-configuration in P 3 of type T = (T 1 , . . . , T α ) and let F X be the minimal free resolution of the coordinate ring of X. If either T i is the 2-type vector as in this remark (a) or σ(T i ) + 2 < α(T i+1 ) for some i = 1, . . . , α − 1, then the Hilbert function H X is not level. To show this, we shall use the same notation as in Theorem 3.2, [11] . If T i is a 2-type vector as in (a) for some i, then H X is obviously not level by the same idea as in (a). Now assume that σ(T i ) + 2 < α(T i+1 ). Then we have
, and
Since σ(T i )+2 < α(T i+1 ), we see that ε i +2+d iα(T i ) < ε i+1 +1, and hence R(−(ε i +2+d iα(T i ) )) in the last free module of F X cannot be calceled, that is, the Hilbert function H X is not level.
(c) Let T = (T 1 , . . . , T α ) be the 3-type vector with
σ(T i−1 ) + 1 and d i1 ≥ 3 for some i, then the Hilbert function of a k-configuration X in P 3 of type T is not level. To show this, we shall use the same notation as in Theorem 3.2, [11] again. Then we have
Moreover, we have
In other words,
and hence R(−(ε i−1 + 2 +d i−1α(T i−1 ) )) in the last free module of F X cannot be canceled, that is, the Hilbert function H X is not level.
Now we are ready to discuss about the degree of the socle elements of some Artinian algebra with Hilbert function H in equation (5) .
Theorem 3.4. Let H be as in equation (5) and T = (T 1 , . . . , T α ) be the 3-type vector corresponding to the Hilbert function whose first difference is H.
In particular, the O-sequence H is not level and any Artinian graded algebra with Hilbert function H has a socle element in degree d + s − 2.
Proof. It suffices to prove this theorem for i = 1 and 2, respectively, since we can use the same argument for the rest of the cases i ≥ 3 as for i = 2. Recall that F X is the minimal free resolution of a coordinate ring R/I X of a k-configuration By continuing this process for 3 ≤ i ≤ α(T α−1 ), we complete the proof, as we wished. 
